We construct a holographic model of heavy-light mesons by extending the AdS/QCD to incorporate the behavior of the heavy quark limit. In that limit, the QCD dynamics is governed by the light quark and the heavy quark simply plays the role of a static color source. The heavy quark spin symmetry can be treated as a global symmetry in the AdS bulk. As a consequence, the heavy-light mesons are mapped to "fermions" in the AdS theory. The light flavor chiral symmetry is naturally built in by this construction, and its breaking produces the splitting of the parity-doubled heavy-light meson states. The scaling dependences of physical quantities on the heavy quark mass in the heavy quark effective theory are reproduced. The mass spectra and decay constants of the B and D mesons can be well fit by suitable choices of model parameters. The couplings between the heavy-light mesons and the pions are also calculated. The holographic model may capture the essence of the long distance effects of QCD and can serve as a useful tool for studying the non-perturbative hadronic matrix elements involving heavy-light mesons.
Introduction
The bottom-up AdS/QCD [1] [2] [3] attempts to approximate the low-energy Quantum Chromodynamics (QCD) by a five-dimensional (5D) theory living in a slice of anti-de Sitter (AdS) space using the AdS/CFT correspondence [4] [5] [6] . Even though it is not derived from the first principle and the real QCD is neither conformal nor possessing large number of colors (N c ), it has worked reasonably well in describing the low-energy mesons made of light quarks. Many features of the low-energy QCD, such as Vector Meson Dominance [7] and Hidden Local Symmetry [8] , are built in the AdS/QCD. Its success may be viewed as that it captures some essence of the strong dynamics of QCD.
The simplest version of AdS/QCD describes the J P C = 1 −− vector mesons, 1 ++ axial vector mesons, and the J P = 0 − Nambu-Goldstone bosons (pions) associated with the chiral symmetry SU (N f ) L × SU (N f ) R for N f light quarks. The action is given by
with the AdS metric
between the UV-boundary (z = ǫ) and the IR-boundary (z = 
where ∆ Σ is the scaling dimension of theqq operator and is related to the Σ field bulk mass by
The first term is associated with the light quark mass M q which corresponds to an explicit chiral (and conformal) symmetry breaking effect, and the coefficient of the second term is related to the vacuum expectation value (VEV) of theqq operator, which spontaneously breaks the chiral (and conformal) symmetry. The model has few parameters and can be used to fit a wide range of light meson data. The number of parameters can be further reduced if one matches them to the perturbative QCD results as was done in the original AdS/QCD papers [1] [2] [3] . There, the scaling dimension was taken to be the naïve dimension of theqq operator, ∆ Σ = 3. As a consequence, the predictions depend on the combination M 5 R but not on M 5 or R separately. If one further matches the two-point function in the UV to the perturbative QCD result, one finds
After taking the position of the UV-boundary ǫ to 0, the predictions of this simplest model only depend on three parameters: the light quark mass M q , the position of the IR-boundary L 1 which corresponds to the confinement scale, and ξ which represents the ratio of chiral symmetry breaking and the confinement scale, both of which are related to a common QCD scale Λ QCD . They can be chosen to fit the light meson spectrum. Specifically, to fit the ρ and a 1 masses it was found that
1 ≈ 320 MeV and ξ ≈ 4, and M q can be obtained by fitting the π mass [2] . The theory can then be used to calculate a variety of low-energy quantities, including the mass spectrum of the excited meson states, decay constants, couplings among meson states, and coefficients of the chiral Lagrangian.
A reasonable agreement with the experimental measurements has been found for the ground states.
The spectrum of the higher excited meson states does not follow the Regge trajectory in this simple hard-wall model where there is a sharp IR cutoff at z = L 1 , but it can be improved by introducing a soft-wall potential in the bulk [9] . Given the simplicity of the model and its crude approximation to the real QCD, the extent of the agreement with the real QCD data is quite impressive.
The success faces challenges when one tries to include the 1 +− h 1 /b 1 -like mesons. They are created by the dimension-3 tensor operator,qσ µν T a q which are associated with a two-form field in the AdS bulk [10] [11] [12] . In particular, if one also requires the new parameters related to the two-form field sector to be matched to the perturbative QCD values, the predictions of the AdS/QCD do not match well with the actual data and even the success of 1 −− meson sector is ruined due to mixing of the vector and tensor operators [12] . However, it was argued in Ref. [13] that there is no reason to insist that the parameters in AdS/QCD should be matched to the perturbative QCD values. The two theories have different UV limits and the renormalization group (RG) running in the real QCD can change the parameters in the IR. Therefore, it was advocated in Ref. [13] that the parameters other than those protected by symmetries should be treated as free parameters to be fit from the experimental data.
It turns out that the best-fit values for the parameters in the original AdS/QCD are close to the old values matched perturbative QCD, while the new parameters involving the two-form field need to take different values [13] . In that case, at least the success of the original hard-wall AdS/QCD is preserved though the predictions of the b 1 sector are not as good.
Because AdS/QCD and the real QCD have different UV limits, one should not expect AdS/QCD to be a good model for QCD at high energies far above Λ QCD . As shown in Ref. [14] , the event shape of the AdS/QCD in high energy collisions is more spherical with high multiplicities, unlike the jetty structure in the real QCD. Indeed, at high energies the QCD coupling is perturbative and there is no need to choose a dual theory where the coupling is strong and perform calculations there. For the same reason, AdS/QCD may not be a good approximation when applied to heavy quarkonium states [15] [16] [17] [18] .
An interesting question is whether AdS/QCD can provide a good approximation to QCD bound states made of both heavy and light quarks, in particular, the heavy-light mesons such as B and D mesons.
In the heavy quark limit, the heavy quark in a heavy-light meson just plays the role of a static color source and the dynamics is governed by the light quark. From this point of view, one might expect that the success of the AdS/QCD for the light mesons could be carried over to the heavy-light meson system. There have been studies of AdS/QCD for the heavy-light mesons in the top-down approach with string and brane constructions as well as the light-front holography [15, 16, [19] [20] [21] . In this paper we follow the bottom-up approach of Ref. [1, 2] and extend it to the heavy-light meson system. We try to fit the real experimental or lattice B and D meson data and hope that such a model can reproduce the qualitative feature of the non-perturbative aspects of the heavy-light mesons.
In the heavy quark limit, the heavy-light mesons exhibit the heavy quark spin symmetry SU (2) h × SU (2) l . The scalar and vector mesons related by the spin symmetry become degenerate in that limit.
It is convenient and commonly done in the heavy quark effective theory (HQET) to express them as a bi-spinor field where the spin symmetry can be made manifest. (For a review of the HQET, please see Ref. [22] .) Since the heavy quark is static, its fermionic nature plays no role other than providing the multiplicity of the spin states. One might as well treat the heavy quark as a boson and the heavy quark spin symmetry as a global symmetry. The light quark component, on the other hand, participates in the strong dynamics which may be modeled by AdS/QCD. This suggests that in AdS/QCD, the heavylight mesons should be mapped to "fermions" in the AdS bulk, with the heavy quark spin symmetry treated as a bulk flavor symmetry. We show that in such a setup, which we dub AdS-HQET, many heavy-light meson data can be described in the AdS/QCD model with suitable parameters. It may provide qualitative insights of nonperturbative effects of processes involving heavy-light mesons. Since AdS/QCD is at best a crude approximation for the real QCD, we only focus on the leading effects in the heavy quark limit. Effects suppressed by the heavy quark mass such as the mass splitting between the spin-0 and spin-1 mesons from the hyperfine interaction will not be considered in this paper. This paper is organized as follows. In Sec. 2 we review the HQET formalism for heavy-light mesons and set up our notations and convention. We then derive the fermionic Lagrangian in the static heavy quark limit, which serves as the starting point to construct the holographic AdS-HQET model. In Sec. 3, we incorporate the heavy-light mesons into AdS/QCD in the chiral limit as an illustration of the construction and calculation techniques. In Sec. 4 the chiral symmetry breaking and the splitting between the parity doublets of the heavy-light mesons are introduced. We perform fits of the spectrum and decay constants to the experimental and lattice data to determine the model parameters. We also calculate the coupling of the heavy-light mesons to the pions. The future applications of the AdS-HQET model, such as computations of weak-interaction processes involving heavy-light mesons, are discussed in Sec. 5.
Effective Lagrangian for Heavy-light Mesons
In this section we review the effective Lagrangian for the heavy-light mesons and show that they can be put in a form of the fermion Lagrangian which will be our starting point to incorporate them into AdS/QCD. We follow the notation of HQET in Ref. [23] by Bardeen, Eichten and Hill (BEH), in which the spin-zero and spin-one mesons are combined to be written as a velocity-dependent bi-spinor field
Here, H v (0 − ) and H µ v (1 − ) represent spin-zero and spin-one mesons, respectively, and the velocitydependent field is related to the original field by
where M represents the heavy quark mass. 1 We have chosen the first index in H to be the light quark spinor index and the second index to be the heavy quark spinor index. The field H v satisfies 
where δM ≪ M represents the difference between the meson mass and the heavy quark mass.
The division between M and δM is somewhat arbitrary and for convenience we can "gauge away"
δM [23] . Similarly, we have the bi-spinor H ′ v for parity-even states constructed from H ′ (0 + ) and H ′ µ (1 + ). Combining H v and H ′ v we can form linear representations of the light flavor chiral symmetry The Lagrangian in Eq. (7) can also be written equivalently as
if we define H ≡ e −iM v·x H v . It looks like a fermion Lagrangian except that the adjoint of the bi-spinor is defined with γ 0 multiplying on both spinor indices, H = γ 0 H † γ 0 . In the Pauli-Dirac representation, γ 0 is given by
, where I 2 is the 2 × 2 unit matrix.
If we treat the heavy quark spinor index as a flavor index, this Lagrangian simply describe four species of fermions with the last two fermions having the opposite sign in the Lagrangian. Since the bi-spinor fields always appear in pairs, we can redefine the field to absorb the minus sign in the path integral,
i.e., treating H † and H as independent fields and absorb the γ 0 multiplied on the heavy quark spinor index into H † , then it takes the standard form of the fermion Lagrangian. The reason that we can describe the heavy-light mesons by fermion fields simply reflects the fact that the heavy quark just plays the role of a static color source and whether it is a fermion or a boson does not affect the dynamics, as long as we do not include heavy quark loops in the calculation.
In the fermionic theory, we introduce a global flavor symmetry SU (2) f to match the heavy spin symmetry SU (2) h . Specifically, we consider two copies of four Weyl fermions,
, where "k = 1, 2" is the flavor index which represents the degrees of freedom coming from the heavy quark. Each Weyl fermion of course has a Lorentz spinor index "s = 1, 2" which corresponds to the spin degrees of freedom of the light quark. These Weyl fermions can be put into a 4 × 4 matrix form:
where the minus signs are just a convention. Just like the bi-spinor in the HQET, the first index of H Weyl is spinor index of the light quark (except that it is in the Weyl representation), while the second index corresponds to the global flavor symmetry which is matched to the heavy spin symmetry in the HQET. If we identify H Weyl with H and expand the Lagrangian of Eq. (9) (with only γ 0 on the light quark spinor side in the adjoint) in terms of the Weyl fermion components, the kinetic term and mass term are given by
where the SU (2) f flavor indices are implicitly summed over. We see that it is indeed a standard Lagrangian describing four massive Dirac fermions.
To match to the meson fields, it is more convenient to transform the fermions from the Weyl representation to the Pauli-Dirac representation using the transformation relation in Appendix A, 2
On the other hand, in the rest frame of the heavy quark, v µ → (1, 0, 0, 0), the projection operator
(1 + / v)/2 in the Pauli-Dirac representation takes the form
and in terms of the spin-0 and spin-1 meson fields, H can be written as
Comparing Eq. (16) and (14) and matching the heavy-light mesons to the chiral fermions, we have the following dictionary:
or
The number of degrees of freedom in the Weyl fermion combination, ψ k 1,L + ψ k 2,R , are 2 × 2 = 4, which matches to that of one spin-zero meson H plus one physical spin-one meson H j .
The AdS/QCD Model for Heavy-light Mesons in the Chiral Limit
We are now ready to write down the 5D AdS/QCD model for the heavy-light mesons. For simplicity we first consider the chiral limit and focus on the H L sector. The effects of chiral symmetry breaking will be studied in the next section. The formalism developed in the previous section suggests that the heavy-light mesons should be represented by fermions in AdS/QCD. To include the heavy quark spin symmetry, we introduce two pairs of Dirac fermions in the AdS bulk,
where k = 1, 2 corresponds the heavy quark spin degree of freedom. For notational simplicity, the k index will be suppressed in the rest of the paper. The quadratic action for these fermions in the 5D
AdS space between the UV cutoff z = ǫ and IR cutoff z = L 1 is given by
The "mass" terms for Ψ 1 and Ψ 2 determine the scaling dimensions of the CFT operators. They are chosen to be of opposite signs because Ψ 1,L and Ψ 2,R should have the same scaling dimension as we see from the previous section that Ψ 1,L + Ψ 2,R will correspond to the physical mesons. Their scaling
To incorporate the heavy quark mass we introduce the following term
where η corresponds to the heavy quark scalar bilinear operator QQ. Its VEV takes the form
which corresponds to the heavy quark mass term (neglecting the heavy quark condensate). Plugging the VEV into Eq. (21), we obtain a constant mass term in the AdS bulk between Ψ 1 and Ψ 2 ,
For M > 1/R one might worry about the validity of the effective theory. However, this term only lifts the whole spectrum by M . The relevant momentum scale is still controlled by 1/L 1 which is of order Λ QCD < 1/R. It is just like in the heavy-light meson system: the heavy quark simply provides a static color source and the dynamics is governed by the light quark with the relevant energy scale Λ QCD .
The bulk equations of motions (EOM's) are calculated to be
If we want to calculate the spectrum and the z-dependent wave functions of the meson states, we need to choose boundary conditions such that the boundary terms vanish at the UV (z = ǫ) and IR (z = L 1 ) boundaries. On the other hand, if we want to calculate the bulk-to-boundary propagators of the fields with which we can study the correlation functions of the HQET operators, then we need
2,L at the UV boundary and introduce the following term on the UV boundary,
so that the total action is invariant under the variations of Ψ 1,L and Ψ 2,R fields.Ψ 0 1,R andΨ 0 2,L play the role of the sources for the operators which create the mesons. They will be discussed in more details later in subsection 3.2 when we compute decay constants for the heavy-light mesons.
To solve the EOM's, it is convenient to first perform a Fourier transformation
where the additional power of z is introduced for convenience of imposing boundary conditions. In the rest frame p µ = (p, 0, 0, 0), the equations can be recombined and separated into two sets of first order differential equation in z. Define
They are coupled through their EOM's:
The first order equations can be combined to give the second order differential equation for ψ a :
The second order differential equation for ψ b can be obtained by changing c to −c. The other two combinations of fields,
, have the same EOM's by changing ψ a → ψ c , ψ b → ψ d and c → −c, but are not relevant for our discussion. From Sec. 2 we know that the physical meson fields map to ψ a , so we will focus on the system of ψ a and ψ b only.
The solutions of ψ a and ψ b are Bessel functions:
where k ≡ p 2 − M 2 and ν ≡ − 1 2 − c. If ν is an integer, the two independent solutions should be taken as J |ν| (kz) and Y |ν| (kz) instead. The power of the z dependence of the Ψ a (x, z) in the limit of z → 0 determines the scaling dimension of the corresponding heavy-light current operator. For small z, we have
The scaling dimension of the operator corresponding to ψ a (sourced by ψ 0 b ) is ∆ = 2 − c for c ≤ 1/2. For c ≥ −1/2 there is another CFT which can be obtained by a Legendre transformation exchanging the source and the operator [30] [31] [32] . The operator would correspond to ψ b in that case and has the scaling dimension c + 2, but it is not of our concern. The naïve dimension of the heavy-light current is 3, which would correspond to c = −1 and ν = 1 2 . However, this current is not conserved as the corresponding symmetry is badly broken by the heavy quark mass. Therefore, there is no reason to expect ∆ to remain 3. (If the heavy quark were a scalar as we have pretended it to be, the naïve dimension of the heavy-light current operator would be 5/2, which corresponds to c = − 1 2 and ν = 0.) The unitarity bound requires the scaling dimension to be above the free particle limit, ∆ > 3/2. So, in general one may expect that 3/2 < ∆ ≤ 3 which translates to 1/2 > c ≥ −1, or −1 < ν ≤ 1/2.
Spectrum
To obtain the spectrum of the heavy-light mesons or the corresponding 5D fermion Kaluza-Klein (KK) modes, we need to impose appropriate boundary conditions for the 5D wave functions. For the wave function to be normalizable when the UV cutoff ǫ is taken to zero, the wave function Ψ(z) near z = 0 should have a scaling power bigger than z 3/2 [or equivalently, ψ(z) has a scaling power bigger than z −1 ]. However, for −1/2 < c < 1/2, this is always satisfied and the normalizability condition does not impose any extra constraint on the solutions. This is related to the fact that in this range of 
The spectrum of the KK-modes can be expressed as
where j ν,n means the n'th positive zero of the Bessel function J ν (x). In the heavy quark limit of
Right now there is not much experimental information for higher excited modes of heavy-light mesons.
As in the case of light mesons, one may not expect that the spectrum has the correct behavior for very high KK modes in this simple hard-wall model.
Decay constants
The decay constants of meson fields can be obtained from the two-point function of the current operators which create the mesons. The two-point functions have poles corresponding to the meson masses and the decay constant of a meson is related to the residue of the corresponding pole. In AdS/QCD the two-point function can be obtained from the boundary effective action by including a source field on the UV brane and integrating out the AdS bulk using the EOM's.
Starting from the UV boundary term in Eq. (28) and rewriting it in terms of ψ a and ψ b (ignoring
As ψ b ∼ z ν+1 from Eq. (36), in order to have a finite limit when ǫ is taken to zero, the source for the heavy-light current h(p) is related to the UV boundary value ψ b (p, ǫ) = ψ 0 b by
where the additional R 1/2 factor accounts for that the source h(p) has engineering dimension one and α is expected to be an O(1) number.
To solve for ψ a (ǫ) for the given boundary condition ψ b (ǫ) = ψ 0 b , it is convenient to define
then the bulk EOM's can be written as
It is easy to show that the operator O is Hermitian with the weight function z if the boundary terms vanish. The eigenfunctions of O are just the KK wave function solutions discussed in the previous subsection with eigenvalues p n . If we normalize the wave functions by
then they form an orthonormal basis which can be used to expand any function in the interval between ǫ and L 1 . (The eigenfunctions ψ a,n and ψ b,n has dimension one in this normalization.) The solution of ζ(p, z) in the presence of the source term can be written as
and the coefficient c n (p) can be computed by
using the Hermiticity of O.
Substituting ζ(p, z) into the boundary term in Eq. (41), we obtain the boundary effective action:
Matching the source h(p) of Eq. (42), the current-current correlator is given by
from which one can easily obtain the decay constant for the nth excited meson state:
The normalization condition Eq. (45) for ǫ → 0 implies that 4
Expanding ψ a,n for small z, one obtains
Substituting it into Eq. (51), the decay constant is
For the heavy-light meson, we have
The decay constant scales as
The scaling F n ∝ 1/ √ M agrees with the general expectation in the heavy quark limit.
Parity Doubling and Chiral Symmetry Breaking
In the chiral symmetric limit of the light flavors, the "left-handed" and "right-handed" heavy-light mesons are degenerate and form a parity doublet. After the chiral symmetry breaking effect is included, the mass eigenstates are the parity eigenstates which are linear combinations of the left-handed and right-handed fields, and the mass splitting between the parity-odd H and parity-even H ′ states is of the order of Λ QCD . To discuss the parity-doublet states, we introduce two sets of 4 × 4 bi-spinors in the Weyl representation
which are (N f , 1) and (1, N f ) under the light flavor chiral symmetry SU (N f ) L × SU (N f ) R . Using the relation in Eq. (8) between H L,R and H, H ′ and rotating to the Pauli-Dirac representation, we have
and
Similar to the simplest case in Eq. (18), the dictionary for relating H and H ′ to the physical spin-0 and spin-1 states is
The parity symmetry on the ψ and φ fields is defined as
One can check that this is consistent with the parity of the meson fields.
Now we attempt to incorporate the parity doublet in the holographic model. The quadratic action for the H R sector is similar to Eqs. (20) and (23):
The parameters M and c for the Φ fermions take the same values as the action in Eqs. (20) and (23) to preserve the parity symmetry of the total action:
The chiral symmetry breaking in AdS/QCD is parametrized by the VEV of a bi-fundamental
where we followed the notation in Ref. [2] and assumed the naïve scaling dimension for the correspondingoperator. M q can be matched to the bare quark mass in the chiral Lagrangian but will be neglected in the rest of this paper. Under the parity transformation, we have Σ → Σ † . The chiral symmetry breaking in the holographic model of heavy-light mesons can be induced by the coupling of Ψ and Φ fields to Σ:
where λ can be chosen real by a phase rotation to be consistent with the parity symmetry. The action is invariant under the SU (N f ) L × SU (N f ) R flavor symmetry and also the parity transformation of Eq. (62) . Substituting in the VEV of the Σ field and defining σ(z) = λ ξ z 2 /L 3 1 , we obtain
The σ(z) serves as an off-diagonal mass term which split the parity-even and parity-odd states.
The EOM's can be similarly obtained by performing the Fourier transformations on both Ψ and Φ fields,
As in Sec. 3, we first define
then the parity-odd and parity-even states can be identified as P-odd :
The EOM's for P-odd and P-even states are given by
The spectrum and decay constants can be solved by imposing appropriate boundary conditions in the same ways as in Sec. 3. However, if λ is a constant, σ(z) grows as z 2 in the IR. It renders an attractive potential in the Schrödinger-like equation for the parity-odd states and a repulsive potential for the parity-even states in the IR. As a result, the wave functions for the low-lying parityodd states grow exponentially in the IR region while the parity-even states are repelled away from the IR. After normalizing the wave functions, the wave functions of the parity-odd states become highly suppressed on the UV boundary, which implies that the decay constants of the parity-odd states are also highly suppressed (relative to those of parity-even states). This is in conflict with results from lattice simulations and other calculations. We find that a constant σ(z) provides a better description of the experimental and lattice data. This would require that the coupling λ scales as 1/z 2 . Such a z-dependence corresponds to an explicit conformal breaking dimension-six operator. That is, one can imaging that λ itself arises from a VEV of a scalar field which corresponds to the dimension-six current-current interaction term. It is reminiscent of Ref. [24] which approximates the QCD by a Nambu-Jona-Lasinio model [33, 34] with a local current-current interaction replacing the effects of gluon exchanges. Usually these high-dimensional operators only modify physics in the UV and their effects on the bulk solutions diminish as negative powers of z. However, here the 1/z 2 dependence is multiplied by the growing Σ VEV, so it's modification on the bulk EOM's is constant instead of vanishing towards the IR. We do not have a good justification why the constant λ term, which is allowed by symmetry, is absent or suppressed relative to the 1/z 2 term which would come from a higher dimensional operator in the 5D theory. We will simply assume that λ ∝ 1/z 2 guided by the experimental or lattice data in our following analysis.
Mass Spectrum and Decay Constants for a Constant σ(z)
We assume that the coupling λ takes the following form:
whereλ is a constant. The chiral symmetry breaking mass σ(z) becomes a constant:
By examining the Eqs. (71) and (72) 
For σ ∼ 1/L 1 ≪ M , the inter-multiplet mass splitting is
which is the same as in Ref. [23] .
The decay constants are similarly obtained by replacing M by M ∓ σ from Eq. (54),
where −(+) denotes parity-odd (-even) states.
To compare with the experimental and lattice data, we use L Tables 1 and 2 for ν = 0 and ν = −1/2 as specific examples.
In the hard-wall holographic model, the mass splittings among KK modes of the same parity scale as Λ [36] , the MILC Collaboration (F D ) [37] , and the UKQCD Collaboration (F D 0 + ) [38] . The fit value for α/R from F B is 4738 MeV. We also perform a fit to the D meson data only, which is listed in the last two columns. The corresponding model parameters are M = 2042 MeV, σ = 230 MeV and α/R = 2301 MeV.
clear quantum numbers. In the particle listing of Particle Data Group [35] , there is a D(2550) 0 with J P = 0 − which may be identified as the excited state of D 0 . We see from Table 1 that ν = 0 gives a good fit to its mass while ν = −1/2 prediction is low. For the decay constants, there are many good determinations of those of the lowest odd parity states. In addition to the latest lattice results listed in the Tables, the CLEO experiment has measured the branching fraction of D + → µ + ν which translates to a value f D = 206.7 ± 8.5 ± 2.5 MeV [39] . QCD sum rules also provide similar values [40, 41] . The phenomenological calculations of the decay constants of the lowest parity-even states, on the other hand, are scattered in a wide range [40, [42] [43] [44] [45] [46] [47] . These calculations are also divided into determinations at the finite charm mass and in the heavy quark limit, because the charm quark is not very heavy Table 1 Ref. [47] . For the decay constant in the heavy quark limit, the more recent determination from an unquenched lattice QCD calculation of the UKQCD Collaboration [38] has f static P = 294(88) MeV. It may be compared with our f D 's obtained from fitting the B meson data which is closer to that limit.
Less is known about the decay constants of the excited heavy-light meson states. There is a lattice calculation of the decay constants of B s and its first radially excited state B ′ s using the quenched approximation [48] . The result is
which is not far from our results for B 1 and B * .
In Fig. 1 , we display ratios of heavy-light meson decay constants obtained in the holographic model as a function of ν. Only the ratios between the KK excited states and the ground states have a significant dependence on ν. More data on the excited states may help to pin down the preferred range of ν. Currently ν ≈ 0 seems to provide a reasonable fit. 
Couplings between Heavy-light Mesons and Pions
In HQET, the coupling between the heavy-light mesons of opposite parities and the pion is related to the mass splitting between the the parity-even and parity-odd mesons and the pion decay constant by the Goldberger-Treiman relation [23] : In the holographic model, the coupling can be calculated from the overlap integral of the wave functions of the fermions and the pion along the z direction, which in the dual picture includes the leading N c corrections. In AdS/QCD, the pion field is contained in both the scalar field Σ and the fifth component of the axial vector field A 5 . In terms of the Goldstone bosons, the scalar field can be expressed as
where P = P A T A contains the associated broken generators T A . [In our normalization, the generators are normalized to Tr(T A T B ) = δ AB /2.] The vector and axial-vector gauge fields of the light flavor symmetry are related to the left-handed and right-handed gauge fields by
In the unitary gauge, the uneaten Nambu-Goldstone bosons are [2]
The interactions of the Nambu-Goldstone bosons and the bulk fermion fields can come from the Yukawa interaction terms in Eq. (64) and the gauge interactions from promoting the derivatives in the kinetic terms in Eqs. (20) and (61) to covariant derivatives. Expanding the Yukawa interaction
to linear order in P , we obtain the couplings
where U a,b (U ′ a,b ) are the five-dimensional field associated with the parity-odd (-even) states, i.e.,
and so on.
From the gauge interactions and keeping only the L 5 or R 5 parts, we have
As we discussed previously the heavy-light mesons correspond to the U a and U ′ a fields, while U b and U ′ b can at most contribute through mixings which are suppressed by 1/M , the dominant contribution comes from the first term in Eq. (85). We can separate the 5D fields into products of the 4D fields and the corresponding wave functions in the fifth dimension,
where f a,n (z) ∝ u a (p n , z) , and from Ref.
[2]
The normalizations are chosen such that the 4D fields are canonically normalized,
If we take the 5D coupling to be proportional to 1/z 2 as discussed earlier in this section,
then the wave function of the lowest parity-odd and -even states are the same:
The coupling of the interaction between the parity-even and parity-odd heavy-light mesons and the pion, −ig π Tr(HπH ′ ) + h.c. , is given by 5
The couplings for different choices of ν are shown in Fig. 2 . In comparison, the lowest order GoldbergerTreiman relation g π = ∆M/F π would give g π = 4.33 (4.65) if one uses the B (D) meson spectrum given in Table 1 . We see that in the AdS-HQET model the coupling is smaller than that given by the Goldberger-Treiman relation, which implies that the leading N c corrections reduce the coupling.
The coupling was also calculated using QCD sum rules [45, [49] [50] [51] . In Ref. [45] the coupling of B ′ 0 Bπ was calculated to be 2.8 ± 0.5 by including the Bπ continuum contribution. It is close to our value g π = 2.77 at ν = 0.
With the coupling we can calculate the decay rate of the inter-multiplet transition (0 + , 1 + ) → (0 − , 1 − ) + π. To do that let us consider the simplest 0 + 0 − π 0 tri-scalar coupling. From Eq. (59) the (dimension-1) spin-0 meson field is embedded in bi-spinor H field as 
where
Using
which agrees well with the experimental value 267 ± 40 MeV from the Particle Data Group [35] , assuming that the total width is dominated by the single pion decay.
The intra-multiplet coupling between the 0 − , 1 − , and the pion can be written down by combining HQET with the chiral perturbation theory [52] [53] [54] . In our model, it could arise from the magnetic dipole moment operator in 5D:
where Γ M = (γ µ , iγ 5 ). The relative minus sign between Ψ and Φ sectors is dictated by the parity invariance. Focusing on M, N = µ, 5 terms, we have
where in the last step we have used Eqs. (57), (58) , and (82). The last term in Eq. (100) gives rise to D * → D π decay. In terms of 4D fields, the interaction can be written as
with
It can be directly compared to the interaction written down in Ref. [52] [53] [54] . The coupling g A depends on the free parameter λ D which needs to be fit from the data. For ν = 0 and constant λ D , g A = 0.67λ D . The measurements of D * → Dπ decay width at CLEO and BaBar experiments correspond to g A = 0.59 ± 0.01 ± 0.07 [55] and 0.570 ± 0.004 ± 0.005 [56] , respectively.
Discussion and Conclusions
In this paper we discuss how to incorporate heavy-light mesons into AdS/QCD. The crucial observation is that in the heavy quark limit the heavy quark plays the role of a static color source and the dynamics is governed by the light quark. This prompts us to map the heavy-light mesons into fermions in the AdS bulk. The heavy quark spin symmetry can be incorporated as a global flavor symmetry in the bulk. We show that such a construction can give a reasonable description of the parity-doublets of the spin-0 and spin-1 heavy-light mesons. One may generalize it to heavy quark spin multiplets of meson states with higher angular momenta, or even baryons which contain both heavy and light quarks. Of course this bottom-up AdS/QCD approach has its limited power because the real QCD is neither conformal nor close to the large N c limit. In our calculation, we have only considered the leading contributions in the heavy quark limit. The effects suppressed by inverse powers of the heavy quark mass are not included, such as the hyperfine splitting between the spin-0 and spin-1 mesons due to the interaction between the spins of the heavy quark and the light quark. Because we treat the heavy quark spin symmetry as a flavor symmetry in the bulk, such a mixing between the light quark spin and the bulk flavor symmetry violates the Lorentz symmetry in the AdS theory. It may be viewed as if the heavy quark provides an external chromomagnetic field due to its spin to the light quark in addition to the static color source. It would require additional parameters to fit these effects suppressed by the heavy quark masses.
We have only considered the strong interaction in this work. There are few predictions which may be checked against the limited amount of experimental and lattice data in this respect. Most of the spectrum and decay constant data serve to fix the model parameters. The real tests of the model can come when we consider weak interaction processes involving heavy-light mesons. As a first test, one can try to calculate the Isgur-Wise function [57, 58] for the B → D transitions. In this case one needs to keep a finite velocity of the heavy quark and evaluate the overlap of the wave functions of the light quark in the initial and final states. We plan to study this in a future publication.
At low energies the weak interaction is described by dimension-six current interactions and we need to evaluate matrix elements of relevant current operators. In the holographic model the weak currents can be generated by the corresponding sources on the UV boundary without additional parameters. In this way one could obtain "predictions" of various matrix elements in this model, which may provide some insights of the long-distance effects in the real QCD. For example, the LHCb experiment (and also the CDF experiment) earlier found large CP asymmetry ∆A CP ≡ A CP (D 0 → [59, 60] , much larger than many Standard Model estimations [61] [62] [63] [64] [65] [66] [67] . Although the significance in the new LHCb data has greatly reduced [68] , a large ∆A CP is still possibly compatible with the data. It has been argued that a large ∆A CP may be accommodated if there is an enhancement of certain penguin matrix elements due to the long-distance effects in the Standard Model [64, [69] [70] [71] [72] [73] [74] [75] , analogous to the case of the "∆I = 1/2 rule" in K → ππ decay. For the K → ππ decay, an AdS/QCD calculation indeed showed the enhancement of the matrix elements required to explain the ∆I = 1/2 rule [76, 77] . With the AdS/QCD extended to heavy-light mesons one can carry out an analogous calculation which may shed lights on whether one can expect a large enhancement of the particular matrix elements due to long-distance effects. It will be left for future investigations.
A Weyl and Pauli-Dirac representations
We adopt the metric convention as g µν = g µν = diag{1, −1, −1, −1}. In the Weyl representation, the gamma matrices are
with σ µ = (1, σ) andσ µ = (1, − σ). In the Pauli-Dirac representation, the gamma matrices are
The transformation between Weyl and Pauli-Dirac representation is given by
For a bi-spinor representation, one can have independent representation for each spinor index. We keep the heavy spinor index in the Pauli-Dirac representation and only transform the light spinor index of a bi-spinor between the two representations, i.e.,
